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Abstract: We show that the U(1, 1) (super) Chern Simons theory is one loop exact.
This provides a direct proof of the relation between the Alexander polynomial and analytic
and Reidemeister torsion. We then proceed to compute explicitely the torsions of Lens
spaces and Seifert manifolds using surgery and the S and T matrices of the U(1, 1) Wess
Zumino Witten model recently determined, with complete agreement with known results.
U(1, 1) quantum field theories and the Alexander polynomial provide thus ”toy” models
with a non trivial topological content, where all ideas put forward by Witten for SU(2) and
the Jones polynomial can be explicitely checked, at finite k. Some simple but presumably
generic aspects of non compact groups, like the modified relation between Chern Simons
and Wess Zumino Witten theories, are also illustrated. We comment on the closely related
case of GL(1,
Quantum field theory plays an increasing role in the study of topological invariants in
low dimensions [1]. In his seminal paper [2] Witten has shown how SU(2) Chern Simons
theory gave rise to the Jones polynomial for links in S3, to new 3-manifold invariants,
and to new ”Jones” invariants of links in manifolds. Subsequent developments have taken
place in several directions. In particular 3-manifold invariants have been defined more
rigorously [3],[4],[5] and their interrelations studied [6] . Also 3-manifold invariants have
been explicitely obtained via surgery and the S and T matrices of the Wess Zumino
Witten theories, either numerically [7] or analytically [8]. Of particular interest in that
case has been the large k expansion [2], [9] in which the analytic torsion [10], equal to the
Reidemeister torsion [11], [12], appears. Of course the complete 3-manifolds invariants in
the SU(2) case contain more topological information than the torsion.
Following these recent works on the Jones polynomial, the older Alexander Conway 1
polynomial [14], [15] has been reconsidered and partly put in this more modern perspective
[16], [17]. It appears interesting to do so in order, for instance, to gain more insight on
the topological meaning of the Jones polynomial itself, or to have at hand a case where
simple computations can be made and the whole construction tested. In [17] , the S and T
matrices of the U(1, 1) Wess Zumino Witten model have been computed, and it has been
shown how surgery allows to compute the multivariable Alexander Conway polynomial of
links in S3. The purpose of this letter is to study invariants of manifolds and their relations
with torsion.
Relations between torsion and the Alexander invariant are well known: in [18] Turaev,
following previous work by Milnor [19], has established the equivalence of the Alexander
polynomial of links in 3-manifolds and the Reidemeister torsion of the complements of those
links as well as the torsion of the manifolds themselves. Recalling the above mentioned
equality of Reidemeister and analytic torsion, we complete here the relations of these three
mathematical objects by showing that the Chern Simons theory based on U(1, 1) is one-
loop exact, thus providing a direct relationship between the Alexander polynomial and
analytic torsion.
We then compute Alexander polynomials of links in a variety of Lens spaces and
Seifert manifolds using the S and T matrices of the U(1, 1) Wess Zumino Witten model,
and extract from them (at finite k) Reidemeister torsions.
1 By Alexander polynomial we refer to the original invariant defined up to powers of the
variable t. By Alexander Conway polynomial we refer to its normalized version. See [13] and
references therein.
In all this paper we use notations of [16] . Recall the expression of the ”classical”
U(1, 1) Chern Simons action in components
Scl =
k
2π
∫
ǫµνρ
(
AµN∂
νAρE +A
µ
ψ(∂
ν + AνE)A
ρ
ψ+
)
d3x (1)
where we have set
Aµ = AµEN + A
µ
NE + A
µ
ψψ
+ −Aµψ+ψ (2)
Recall that the generators satisfy relations
{ψ, ψ+} = E, [N,ψ+] = ψ+, [N,ψ] = −ψ, E is central (3)
We consider first purely bosonic flat connections, determined by
FµνE = ∂
µAνE − ∂νAµE = 0, FµνN = ∂µAνN − ∂νAµN = 0 (4)
They are labelled by maps from H1(M) into U(1)N×U(1)E (H1 arises instead of Π1, U(1)
being abelian). Since the bosonic generators commute among themshelves, flat connections
are always reducible.
The one loop approximation to 3-manifold invariants is obtained as in the standard
case. Call A(α) a complete set of gauge equivalent flat connections on the manifold M.
Assume that there is a finite number of them, and for the moment that none of them are
reducible. Expanding the fields around A(α) we get a quadratic action, to be supplemented
by proper gauge fixing terms, after a metric is picked on M. The AE and AN degrees of
freedom commute with A(α) and the resulting integrations do not depend on it. We get in
the notations of [20]
(det(∆))2
|det(L−)| (5)
(each acting on ”one colored” objects, as opposed to the three colors for SU(2)). For Aψ
and Aψ+ we get, due to statistics, the inverse of the above result, but without absolute
value and with the operators ∆ and L− being twisted by the A
(α)
E part of the flat connection
(the A
(α)
N part is central, the generator E commuting with the entire algebra). Introducing
the Chern Simons invariant S
(α)
cl
of the flat connection we get
Z(M) = (det(∆))
2
|det(L−)|
∑
α
e
iS
(α)
cl
det(L
(α)
− )
(det(∆(α)))2
(6)
The phase of det(L
(α)
− ) is given, as in the U(1)N case, by
i
4π
∫
ǫµνρA
µ
E∂
νAρE (7)
This term just combines with the classical Chern Simons action to incorporate the appro-
priate quantum corrections [16] , that amounts to replacing
AN → AN˜ = AN +
1
2k
AE (8)
Up to the prefactor outside the sum, the 3-manifold framing and spectral flow contribution
[7], we thus get for each α the inverse of the analytic torsion (instead of its square root in the
SU(2) case) as defined in [10], [20] . Owing to [10], [11], [12] this analytic torsion coincides
with the ”algebraic” Reidemeister torsion as defined in [21] and weighed by the exponential
of the Chern Simons action. The inverse definition is also used in the literature as in [18]
and [19]and this is what we shall do here. For clarity we introduce the name [18] of Milnor
torsion so (6) becomes Z ∝ 1
τMil(trivial)
∑
τMil (and depending on the way this torsion is
defined, we use the label analytic or algebraic). It is interesting to notice that the partition
function (6) depends on the global framing of the manifold through the phase of det(L
(0)
− ).
This dependence when interpreted from a two dimensional point of view corresponds to a
central charge c = −2. On the other hand the U(1, 1) WZW model has c = 0. The naive
correspondence between Chern Simons and WZW theories, well known in the compact
case, does not hold here, illustrating [22] (the U(1, 1) WZW model is still expected to
give rise to topological invariants since such invariants can be shown to make sense from a
pure two dimensional conformal field theory point of view [4], [13], although the necessary
axiomatics has presumably to be modified). Fortunately the correct correspondence is easy
to establish, and does not spoil any of the results in [16], [17]. One simply has to change
the coupling of one of the free bosons in the free field representation of the U(1, 1) WZW
model, and at the same time consider it as antiholomorphic. The S and T matrices that
follow are simply deduced from the ones in [17] by S → −S, T → exp(iπ/3)T , giving an
apparent central charge c = −2. All other results are unchanged.
Equation (6) is actually one loop exact. This can be shown using a strategy similar
to [23]. For simplicity forget for a while gauge fixing. We compute then the partition
function of some 3-manifold by first performing the functional integration over AµN , which
produces a delta function
δ (ǫµνρ∂
νAρE) (9)
so the integral over the variable AE is restricted to AE flat connections F
µν
E = 0. Assume
as before that there is a finite number of them A
(α)
E . For each such connection the integral
over Aψ and Aψ+ is a Gaussian integral, so we get the ratio of the determinant of the kinetic
operator twisted by A
(α)
E over the absolute value of the same determinant but untwisted,
where the denominator originates in the Jacobian for the constraint FµνE = 0. Now let us
take gauge fixing into account. Infinitesimal gauge transformations can be written
δAµE = ∂
µωE
δAµN = ∂
µωN + A
µ
ψ+ωψ + A
µ
ψωψ+
δAµψ = ∂
µωψ +A
µ
Eωψ
δAµ
ψ+
= ∂µωψ+ − AµEωψ+
(10)
We choose the gauge fixing conditions
∂µAµE = ∂
µAµN = D
µ
(E)A
µ
ψ = D
µ
(E)A
µ
ψ+
= 0 (11)
where
Dµ(E)A
µ
ψ = ∂
µAµψ +A
µ
EA
µ
ψ
Dµ(E)A
µ
ψ+
= ∂µAµ
ψ+
− AµEAµψ+
(12)
These conditions are implemented by adding a pair of bosonic and a pair of fermionic
Lagrange multipliers to the action: φE , φN , χψ, χψ
+
. We also introduce a pair of ghosts
b, c for each specie to restore the correct integration measure. The ghost action contains
the following couplings
bE∂µ∂µcE , 0, bψ(∂µcE)Aµψ, −bψ
+
(∂µcE)Aµ
ψ+
0, bN∂µ∂µcN , 0, 0
0 , bN∂µ(Aµψ+c
ψ), bψDµ(E)D
µ
(E)c
ψ, 0
0, bN∂µ(Aµψc
ψ+), 0, bψ
+
Dµ(E)D
µ
(E)c
ψ+
(13)
Integration over AN produces again the condition (9) . However one has also to integrate
over the Lagrange parameter φE , φN so the complete Jacobian produces in denominator the
absolute value of the determinant of untwisted L−. Integration over AE is now restricted
to the sum over flat connections A
(α)
E . We also integrate over χ
ψ, χψ
+
to ensure gauge
conditions for Aψ, Aψ+. We can then integrate over the fermionic ghost b
E to produce
a first determinant of the Laplacian ∆ together with a δ function that restricts to zero
modes of cE with respect to ∂µ∂µ . We have therefore ∂µcE = 0. Now the integral over
the bosonic ghost bψ produces the inverse of the determinant of the twisted Laplacian
and restricts to zero modes of cψ with respect to Dµ(E)D
µ
(E), so we have D
µ
(E)c
ψ = 0.
The term bN∂µ(Aµ
ψ+
cψ) then vanishes identically thanks to Dµ(E)c
ψ = 0 and the gauge
fixing condition on Aµ
ψ+
. Similar results are obtained for integration over bψ
+
. All non
diagonal couplings thus disappear and we can finally integrate over bN . (13) can therefore
be reduced to its diagonal, from which the correct ratio of squares of determinants of the
Laplacian is immediately obtained. Having gotten rid of the ghosts we integrate over all
remaining variables to produce determinant of twisted L− in numerator.
Of course, integrations over AµN and A
µ
E must be performed independently for each
U(1)E and U(1)N bundles over the manifold. Recall that U(1) bundles are classified by
maps from H1(M) into U(1). Also, when the bundle is non trivial, we must take into
account the correct form of the Chern Simons action in the manifold M. Following [24]
it is easy to show that, for a given bundle and its pair of AE , AN flat connections, the
correct action for a gauge field A is the sum of the action of the flat connection A(α) and
the ”naive” action of the difference a = A − A(α). We thus recover the Scl phase factors
of (6) . We can then integrate freely over a to recover the preceding result in each bundle.
Summing over all the bundles restores also the sum over AN flat connections that was
missing so far, so we recover exactly (6) .
Our model behaves much like the super ISU(2) model in [23]. In the latter reference
however the equivalent of flat connections FµνE = 0 involves also a quadratic term so the two
determinants in (6) would both be twisted, and cancel each other, giving a result simply
equal to a phase for each α, that sums up to the SU(2) Casson invariant. Our model also
bears some resemblance with 2 + 1 dimensional gravity whose partition function would
write [23]Z ∝∑(τMil)−1. See also [25].
The formula (6) requires corrections for possibly nontrivial cohomologies H0M(A
(α))
and H1M(A
(α)). According to [7] and [26] a nontrivial H0M(A
(α)) requires an extra factor
of 1
Vol(H)
, here H is the subgroup of U(1, 1) commuting with all the holonomies of the
connection A(α). The cohomology H0M(A
(α)) is always nontrivial for a U(1, 1) connection.
Generally H = U(1)E × U(1)N , for which ([17])
1
Vol(H)
= V =
1
2k
(14)
However if the holonomy is a subgroup of U(1)E (i.e. if A
(α)
E = 0 in a certain gauge, what
we also call pure AN flat connections), then H = U(1, 1) and Vol (U(1, 1)) is equal to zero
[17]. We thus get a diverging 3-manifold invariant that can nevertheless be compared with
the invariant of a reference manifold, say S3. For AN flat connections, the determinants
(after proper subtraction of zero modes) of twisted and untwisted operators coincide in (6)
so each of them contributes by a factor unity, as the Chern Simons action vanishes. Other
flat connections have a finite contribution, and thus are ”unobservable” in that case (but
see later). Therefore we simply count maps from H1(M) into U(1)E with the result
Z(M)
Z(S3) = order(H1(M)) (15)
where order=card here. This holds up to a phase factor encoding the global framing of
the manifold [17] , and as long as the H1 of the manifold is finite. If it is infinite, there is
a continuous set of maps into U(1)E and the sum over flat connections has to be replaced
by an integral (see next paragraph). The final result is presumably finite, so (15) should
still hold if we define the order to be zero when the cardinal is infinite:
order = card if card <∞, 0 otherwise (16)
The result (15) then agrees with the numerical value of the Milnor torsion of M for the
trivial representation of its Π1 (see [18]). Recall that in [17] we recovered (15) by surgery
computations using S and T matrices for the U(1, 1) WZW model. Taking into account
the modified correspondence between Chern Simons and WZW theories gives an analogous
result, up to a change of framing dependence c = 2→ c = −2.
A nontrivial H1M(A
(α)) signals the existence of a continuous family of flat connections,
parametrized by a moduli space. This means that the sum in (6) has to be replaced by an
integral over that space. H1M(A
(α)) takes values in the adjoint representation of U(1, 1).
Its bosonic part BosH1M(A
(α))) is equal to the tensor square of the ordinary cohomology
ofM over the real numbers:
Bos(H1M(A
(α))) = H1M(R)×H1M(R) (17)
A particular example of a nontrivial Bos(H1M(A
(α))) is provided by the manifold S2 × S1
and will be considered later.
Let us finally discuss the fermionic flat connections. First one can easily show that for
any finite subgroup of U(1, 1), each element is conjugate of a purely bosonic one. In the
case of a Lens space for instance, for which Π1 = Zp there are therefore only bosonic flat
connections (up to gauge equivalence) and the preceding discussion suffices. In general, if
a flat connection has a fermionic component, the latter cannot be isolated, which implies
a nontrivial fermionic part of H1M(A
(α))) . In that case the fermionic integral cannot be
saturated, and the contribution to the partition function vanishes. This agrees with the
fact that nontrivial Ferm(H1M(A
(α)))) corresponds to a zero mode in operator L
(α)
− in (6).
We shall encounter such an example in the study of Seifert manifolds.
Suppose now we consider a link L in S3. As discussed in [16] and [17] using skein
relations as well as surgery and S and T matrices, the U(1, 1) WZW model should give
rise to its multivariable Alexander polynomial. After taking into account the proper Chern
Simons WZW correspondence, we expect a similar result to hold for U(1, 1) Chern Simons
theory. Let us comment on this, using now a pure three dimensional point of view.
Recall first that the definition of the Alexander polynomial used here is the one
adapted to the multivariable case, ie we divide the generator of the Alexander ideal by
t − 1. One has to set t = exp(−2iπe/k) to match with quantum field theory results 2.
The knot complement has H1(S
3 −K) = Z and the variable t of the Alexander polyno-
mial corresponds to the generator of this H1 for algebraic computation of torsion. Call Π
the infinite cyclic multiplicative group with generator t. Recall the result of Milnor [19]
that the Alexander polynomial of a link in S3 is equal to the ”algebraic” torsion of its
complement (both objects being defined modulo Π here).
As far as analytic torsion is concerned let us go back to the Chern Simons point of
view. We can cut out a tubular neighborhood of the knot K and compute the functional
integral in two steps. First we integrate over the interior of the solid torus, which results
in a wave function for the gauge field A at its boundary. Choose coordinates such that
dx1 is along the meridian, dx2 is along the longitude, dx0 points inward. The holonomy
of A1 being fixed [27] (and determining the flat connection of the complement) we get
the condition that the component a1 of the fluctuating part of 1-forms has to vanish
at the boundary. To insure that L− is antihermitean and ∆ is hermitean, we ask also
that zero forms vanish at the boundary. In the exterior the argument leading to (6)
and its exactness can be applied. We get therefore the appropriate ratio of products of
determinants subject to these boundary conditions. Unfortunately they do not reproduce
2 The t used here is equal to the square of the variable t in [17]
the ”absolute” or ”relative” boundary conditions used in [10] for which the equality of
analytic and algebraic torsion was proven [11] , but rather are a mixture of them. We
suspect however that the ratio of determinants in the analytic torsion is not too sensitive
to boundary conditions. As an argument in that direction, notice, as proven in [19], that
the chain complex Q(t) ⊗Π C∗(K˜, Z) (where Q(t) is the field of rational functions in t
over rational numbers and K˜ is the infinite cyclic covering of the complement), is acyclic.
Accordingly the algebraic torsion [10] is well defined modulo Π, independently of the metric
chosen on S3−K [10]. Also the algebraic torsion of the boundary is equal to one modulo Π
[19] . Therefore following [10] we expect that the analytic torsions for relative or absolute
boundary conditions should be equal up to powers of t.
It would be interesting to clarify the above discussion, in particular concerning the
role of Π. If we assume that boundary conditions inherited from Chern Simons indeed lead
to the Milnor torsion, we see that the Milnor theorem is equivalent to the exactness of the
one loop computation in U(1, 1) Chern Simons theory.
Now we would like to study further the torsion of manifolds. Flat connections that are
not pure AN give a finite contribution to the partition function, but we do not know how
to extract it in a rigorous fashion from the above infinite background. There is however
a well defined procedure that gives correct results: it consists in computing invariants of
the manifold with special links inside that acts as ”observers” and factor out the pure
AN flat connections. To explain this let us first consider the example of the lens space
L(q, p) = X(p/q). Let us put a knot K in it as follows: we start with S2 × S1, remove a
solid torus D×S1 that contains a Wilson loop carrying the representation (en/I), and glue
it back after twisting the boundary by a SL(2, Z) matrix with first column
(
p
q
)
. Suppose
moreover p/q has the simple continued fraction expansion
p/q = a2 − 1
a1
(18)
and we suppose a1 = q for simplicity (like in L(q,−1), otherwise take complex conjugates
of the final expressions). To compute the corresponding invariant we follow the general
strategy, ie apply T a2ST a1S to |en/I > and evaluate scalar product of the final state with
|n = 0 >. Recall the U(1, 1) S matrix elements
S
e′n′/I
en/I = −iV exp
{
−2iπ
k
[
e′(n˜− 1/2) + e(n˜′ − 1/2)
]}
(19)
where n˜ = n+ (e/2k), V = 1/(2k),
Sn̂
′
en/I = V
exp(−2iπen′/k)
2sin(πe/k)
(20)
Recall also the T matrix
T
en/I
en/I = exp2iπ
(
(n˜− 1/2)e
k
+
1
12
)
(21)
One finds [17]
Z(L(q, p), K) = −iV 2exp
(
i
π
6
(a1 + a2)
)
∑
n′
∑
e′ 6=0
exp
{
2ipi
k [qe
′(n˜′ − 1/2)− e′(n˜− 1/2)− e(n˜′ − 1/2)]
}
2sin(πe′/k)
(22)
The result depends therefore on the number of solutions in the fundamental domain [17]
of the equation (for the unknown e′)
qe′ = e mod 2k (23)
If there is no solution the invariant vanishes.
It is instructive to interpret the above result geometrically. The empty Lens space has
Π1 = Zq with a generator g that satisfies g
q = 1. If we consider now the complement of
the above knot K in the Lens space (obtained by removing a tubular neighborhood of K)
it is easy to see that it has Π1 = Z with generator t satisfying g
q = t. This complement is
in fact the second solid torus in the surgery prescription, ie it is the same as for a simple
loop S1 embedded in S3. However due to the twisting of the boundary, ”from the S3
point of view”, the generator of the Π1 of the complement is g. Hence the invariant should
be obtained by taking the formula for the invariant in S3 but replacing the e charge by
e′ = e/q mod 2k, as we indeed find. The phase term comes precisely from the twisting of
the boundary of the torus that turns into a non trivial self framing here. In a ”classical”
theory of the Alexander polynomial, the invariant of K in the Lens space would not depend
on arithmetic properties as (23). In the quantum theory however, charge quantization can
make this invariant vanish.
The above result is recovered using the classical computations of Alexander invariants
[14]. Represent the Π1 of the knot complement as
{t, g : tg−q = 1} (24)
Then the matrix of Fox derivatives is [28]∣∣∣∣∣∣∣∣t−1, −t t−1 − 1t−1/q − 1
∣∣∣∣∣∣∣∣ (25)
so the Alexander polynomial is, up to a power of t
∆Alex ∝
1
t1/q − 1 (26)
Notice that there is an ambiguity if we want to give a ”numerical value” to this
Alexander invariant, since several roots of t can be chosen. This is manifest in (22) where
the expression in the right hand side is periodic in e mod 2k, and can be interpreted again
as a quantum effect.
Of course our purpose is not so much to compute invariants of links in manifolds but
to extract from them properties of the manifold itself, using the link as an ”observer”, and
letting ultimately the E charge carried by its Wilson loop go to zero (mod 2k) . Notice
that strictly speaking, this procedure is not allowed in the quantum field theory where
charges take discrete values and are limited to the fundamental domain. Let us clarify
this. Suppose there is a single solution to (23) : e′ = e/q. Then the invariant is
Z(L(q, p), K) = −iV exp
(
i
π
6
(a1 + a2)
) exp [−2ipik eq (n˜− 1/2)]
2sin(πe/kq)
(27)
Let us take now the (formal) limit e = e0 → 0. One finds then
Z(L(q, p))(0) → −exp
(
i
π
6
(a1 + a2)
) iq
4πe0
(28)
This agrees with the computation of the invariant of an ”empty” Lens space [17] : it is the
order of the homology: q , up to a framing factor and a numerical factor that coincides
with the invariant of S3. (28) is of course determined by pure AN flat connections only.
Suppose now we take the (formal) limit e = e0 +2fk with e0 → 0 and f = 0, . . . , q− 1. In
that case one has
Z(L(q, p), K)(f) = −iV exp
(
i
π
6
(a1 + a2)
) exp [−2ipik e0+2fkq (n˜− 1/2)]
2sin [π(e0 + 2fk)/kq]
(29)
This has a finite limit for f 6= 0. Indeed the E charge of the Wilson loop constraints the
holonomy t and pure AN flat connections are projected out. As we explain next the limit
is then the Milnor torsion of the appropriate flat connection.
To deal with a slightly more complicated case consider the Lens space L(p,−q) with
p/q same as in (18).
We now put in L two Wilson lines in the following fashion. We start with S2 × S1,
remove a solid tori D×S1 where we put a loop carrying some representation |en/I >, and
glue it back after twisting the second D× S1 where we inserted a loop carrying |e′n′/I >.
The partition function is obtained by taking the scalar product of ST a2ST a1S|en/I > with
|e′n′/I >. Only two dimensional representations appear now in the intermediate states
and the computation looks much like in the U(1) case. Summing over intermediate states
gives rise to arithmetic constraints as before. Solve these constraints formally by taking
their simplest solution as above; this gives, up to framing of the manifold and factors
depending on k only
exp
{ −2iπ
k(a1a2 − 1)
[
a2e(n˜− 1/2) + a1e′(n˜′ − 1/2) + e′(n˜− 1/2) + e(n˜′ − 1/2)
]}
(30)
Since p = a1a2 − 1, q = a1 we can set a2 = q∗ with
q∗q = 1 mod p (31)
From now on we set e′ = 0. As before we set e = e0 + 2fk, b = 0, . . . , p − 1 and we let
e = e0 → 0 go to zero to extract properties of the lens space itself . We get , collecting all
factors,
Z(L(p, q), K1, K2)(f) = iV exp
(
iπ
6
(a1 + a2)
)
exp
−4iπq∗f2
p
exp
{−2iπ
p
[(2n− 1)q∗f + (2n′ − 1)f ]
} (32)
In the first exponential we recover the Chern Simons action of the U(1) flat connection
associated with the representation of Π1 = Zp : g = ω
f , ω = exp(2iπ/p). The E charge
being 0 or a multiple of 2k the Wilson loops behave as observers and simply project onto
a particular flat connection of the Lens space; the second exponential then measures their
holonomies. For simplicity we have factored onto flat connections with trivial AN part; it
suffices to consider n = n0 + f
′k to extract the remaining ones, whose contributions differ
from (32) by phase factors only (their torsion is the same).
Now (32) is actually the partition function of the particular flat connection times the
product of two traces, one for each Wilson loop. We therefore deduce the contribution of
the flat connection itself
iV exp
(
iπ
6
(a1 + a2)
)
exp
−4iπq∗f2
p
1
4 sin2pifp sin
2piq∗f
p
(33)
The factor V occurs as explained earlier as the inverse of the volume of U(1)E × U(1)N .
The first exponential occurs from the framing of the Lens space and the i from spectral
flow [7]. The second exponential gives the Chern Simons action (there is no k factor here
due to the form of (7)). Forgetting for a while the torsion of the trivial representation, and
comparing with (6) we conclude that the fraction is equal to the Milnor torsion of the flat
connection
τ (f) =
1
|ω2f − 1||ω2q∗f − 1| (34)
in agreement with the known results [29]. A similar result follows from the above calcu-
lation for L(q, p) above. In that case, since only one loop has been inserted in the Lens
space , one has to divide only by one trace. However the other sin term has already been
provided by the S matrix element, as is usually the case for computations of Alexander
invariants. Finally the computation can be generalized to arbitrary continued fraction
expansion as in [17] with similar results.
Dividing by the traces of the Wilson loops has also a torsion interpretation. Indeed
in our case we have the factorization τ(M) = τ(M −Kb)τ(Kb) [19], [30] (where we used
the fact that the torsion of the boundary is one) and Kb is a tubular neighborhood of K.
τ(Kb) is the torsion of a solid torus, which is also the complement of S1 into S3, and for
which we know that the torsion (up to phase factors) is equal to ∆Alex ∝ 1t−1 .
The complete comparison with (6) involves an additional factor equal to the torsion
of the trivial flat connection, well defined only after a homology basis is chosen. With the
usual choice, τ0 = p [7] here. We are missing this term in (33) because we did not treat
the arithmetic constraints in the most correct fashion.
Let us now remedy this. We first consider for a while the case of U(1). For level κ we
have the S and T matrices
Sab =
1√
κ
exp
(
−2iπab
κ
)
, Taa = expiπ
(
a2
κ
− 1
12
)
(35)
where a, b = 0, . . . , κ − 1 and κ is even. Notice that these matrix elements are invariant
under translations of a, b mod κ. Let us now compute the invariant of the Lens space
L(p,−1) with two Wilson lines carrying representations |a > and |c > as above. We have
Z(L(p,−1), K1, K2) = exp(−iπp/12) 1
κ
κ−1∑
b=0
exp
[
iπ
κ
(−2ab+ pb2 − 2bc)
]
(36)
We would like to perform the resummation of (36)in a formal way, without using finite
Gaussian sums formulas [8] . Due to the translation invariance of the exponent in (36) we
can extend the summation for b over the entire set Z. Let us also sum over a mod κ. We
write symbolically (we suppress for a while the framing factor, which is all what is implied
in the symbol ∝)
Z(L(p,−1), K1, K2) ∝ 1
κ
1
Λ2
∑
na∈Z
∑
b∈Z
exp
[
iπ
κ
(−2ab+ pb2 − 2bc)
]
exp(−2iπnab) (37)
where Λ are ”normalization factors”. The sum over na however, due to the last exponential,
constrains by itself b to be an integer. We can therefore replace the second sum by an
integral, dropping at the same time one of the normalization factors
Z(L(p,−1), K1, K2) ∝ 1
κ
1
Λ
∑
na∈Z
∫
db exp
[
iπ
κ
(−2(a+ κna)b+ pb2 − 2bc)
]
(38)
Compute now the Gaussian integral over b:
Z(L(p,−1), K1, K2) ∝ i
1/2
√
κp
1
Λ
∑
na∈Z
exp
[−iπ
κp
(a+ c+ κna)
2
]
(39)
The exponential in (39) is invariant under shifts of na mod p so we can split the sum
over na a sum over f and a sum over n with na = f + np. The sum over n produces a
multiplicity cancelling the normalization factor so we get
Z(L(p,−1), K1, K2) ∝ i
1/2
√
κp
p−1∑
f=0
exp
[−iπ
κp
(a+ c+ κf)2
]
(40)
Let now a = c = 0 to get (after reinstalling the framing factor)
Z(L(p,−1)) = exp(−iπp/12) i
1/2
√
κp
p−1∑
f=0
exp
(−iπκf2
p
)
(41)
This result can of course be recovered by a correct treatment of the ”normalization factors”
ie by regularizing the sums. The interpretation of (40) is straightforward. We have again
a sum over U(1) flat connections. The determinants are not twisted so as a global factor
we get the inverse square root of the torsion of the trivial flat connection. The factor of
κ as above comes from the volume of the group, since connections are reducible. We do
not have to divide by the contribution of the inserted loop in that case, since it is simply
equal to one, so we can suppress the label K in the final result (41).
This method reproduces correct results in SU(2) case as we demonstrate now. Con-
sider again the Lens space L(p,−1) with a Wilson line carrying spin j (in units where spins
are integer). We find
Z(L(p,−1), K) =
(
i
2p(k + 2)
)1/2
exp
(−iπp
4
)
p−1∑
f=0
e
−2ipi(k+2)f2
p
[
cos
(
2πfj
p
)
e
−ipij2
2(k+2)p − cos
(
2πf(j + 2)
p
)
e
−ipi(j+2)2
2(k+2)p
] (42)
If we set j = 0 we recover the result of [8] (up to framing for which we have put no
corrections here) . Let us instead consider the limit k →∞. We get then
Z(L(p,−1), K) ≃
(
i
2pk
)1/2
exp(−iπp/4)
[p−12 ]∑
f=1
e
−2ipikf2
p 4sin
(
2πf
p
)
sin
(
2πf(j + 1)
p
)
(43)
The first sin in this formula is the inverse of the torsion of the complement. The second
term can be explained as before. It arises since the Wilson line creates some ”small” (of
order 1/k) background field through the holonomy condition. This field couples with the
”strong” (of order k0) flat connection field proportional to f so that they contribute a
bilinear term in the Chern Simons action. Due to the overall normalization in this action,
the final contribution does not depend on k. The analog in the U(1, 1) case was a simple
exponential: we get here a sin due to Weyl reflection, so in fact we have to deal with two
holonomies of opposite sign (see eg [27]). To get the contribution to the partition function
of the manifold itself we have to divide this result by the contribution of the loop, which
is the character of the spin j representation evaluated at the corresponding value of the
holonomy
ch(holonomy) =
sin(2πf(j + 1)/p)
sin(2πf/p)
(44)
We thus get in the end the contribution of the flat connection to be sin2
(
2pif
p
)
as expected
since the usual variable q∗ = 1 here 3 . The sum in (43)runs only from 1 to integer part
of p−12 due to ”folding” of flat connections by Weyl reflection. Notice the case f = p
3 This is the inverse of the Milnor torsion with our definitions.
does not contribute at this order. This is because for f = p one has to divide by the
entire volume of the group, which contributes additional factors of k in the denominator.
Appropriate factors of p appear also in that case. The torsion is also obtained from (42) or
(43) by letting j = 0. The point is we cannot put directly the identity representation in the
Alexander case since then one gets an expression dominated by pure AN flat connections.
We can now get back to U(1, 1). The above resummation method applied formally in
that case does not run into the arithmetic constraints of the above direct calculation; it
can be considered as an ansatz to extract the finite contributions to the partition function
of manifolds. In the case of the Lens space L(p, q) we reproduce with this ansatz the result
(33) together this time with the contribution of the trivial conection. Let us rather discuss
the more interesting case of a Seifert manifold X(p1/q1, p2/q2, p3/q3). It is obtained from
S2 × S1 by obvious generalization of the construction of the Lens space L(p, q) = X(q/p).
Recall that the Π1 has a presentation {h, g1, g2, g3; xpihqi = 1, x1x2x3 = 1, h central},
while order (H1(X)) = p1p2q3 + permutations (we assume for simplicity it is positive,
otherwise one has to take the absolute value.) For further simplicity we restrict to q1 =
q2 = q3 = 1. Put in each of the three torus D
2×S1 a Wilson loop carrying a representation
(eini/I). Put on the last torus (en/I). We compute the invariant by acting on each state
with T piS. As before constraints are met, which solved formally would give (we suppressed
for a whileframing factors)
Z(X(p1, p2, p3), L) ∝ iV exp
{
−2iπ
k
[
p1p2p3
(p1p2 + p1p3 + p2p3)
(∑
i
ei
pi
+ e
)
(∑
i n˜i − 1/2
pi
+ n− 1/2
)
−
∑
i
ei(n˜i − 1/2)
pi
]}
× sin2
[
2π
k
p1p2p3
p1p2 + p1p3 + p2p3
(∑
i
ei
pi
+ e
)] (45)
The detailed structure of Π1 ie of the flat conections depends now on the arithmetic
properties of pi. Setting generally the ei to be appropriate multiples of 2k, we shall read
the Chern Simons action and the holonomies in the above exponential. The torsion will be
obtained by dividing by a product of traces for each Wilson loop, hence will have the form
of τ = sin2/sin4, as is known. To get further results we can apply the resummation ansatz.
After computations one finds for instance that, if p2 + p3 and p1p2 + p1p3 + p2p3 = P are
coprimes, and if we set e2 = e3 = e = 0,
Z(X(p1, p2, p3), L) = iV
P
exp
iπ
6
(p1 + p2 + p3)
P−1∑
f=0
exp
(−4iπ
P
(p2 + p3)f
2
)
4sin2
(
2π
P
p2p3f
) (46)
which should completely describe the structure of flat connections in that case, with torsion
τ (f) =
∣∣∣∣ sin(2πp2p3f/P )4 sin(2π(p2 + p3)f/P ) sin(2πp2f/P ) sin(2πp3f/P )
∣∣∣∣ (47)
while the exponential gives the Chern Simons action and the prefactor the torsion of the
trivial representation equal to order (H1(X)) = P . Notice that (47) can sometimes vanish,
indicating the existence of a zero mode of L
(α)
− . We have not found (47) in the literature.
It is compatible with the torsions computed in [31] and with various limiting cases.
Using S and T matrices, invariants of manifolds with an infinite H1 have also been
computed in [17] . The simplest case was
Z(S2 × S1) = 0 (48)
(this is obtained before dividing by Z(S3)). The meaning of (48) in terms of conformal
blocks was disussed in [17] . We can now recover this result from the torsion point of view
by considering S2 × S1 as the particular Lens space L(0, 1). Since H1(L) = Z there is
a continuum of flat connections parametrized by their holonomy along a noncontracible
cycle:
h = exp[i(En+Ne)] (49)
here E and N are the U(1, 1) generators defined in (3), while
2πe
k
=
∮
AµEdxµ,
2πn
k
=
∮
AµNdxµ (50)
The corresponding torsion is
τ (en) =
1
4 sin2 pie
k
(51)
Note that the manifold S2 × S1 can be formed by glueing together two solid tori, so τ is
the product of their torsions.
The invariant of S2×S1 is proportional to the integral of the torsion over the moduli
space of flat connections:
Z(S2 × S1) ∝
∫ 2pi
0
dx
1
sin2(x/2)
(52)
Such an integral appeared in [17] in the expression for the volume of U(1, 1). We concluded
there that this integral properly regularized has to be set equal to zero, hence reproducing
(48) .
The integrand in (52) is the square of the ”denominator” in the Weyl character for-
mula. It is also the Jacobian factor for switching from the integral over the group to the
integral over its maximal torus. This is not a coincidence: for a general bosonic Lie group
G the torsion for S2 × S1 is
τ
(λ)
G =
∏
α>0
|eiα·λ/2 − e−iα·λ/2|2 (53)
where λ =
∮
Aµdxµ belongs to the Cartan subalgebra. Indeed the one loop approximation
of the Chern Simons path integral over S2×S1 with 2 Wilson lines carrying representations
i and j of G along the noncontractible cycle, expresses orthonormality of Kac-Moody
characters [20] by ∫
m.t./W
dλ τ
(λ)
G χi(λ)χj(λ) = δij¯ (54)
where m.t./W denotes a maximal torus factored over the action of the Weyl group, and
χi,j(λ) are the characters of the representations i and j.
More generally, it is interesting to consider the Milnor torsion of the manifold Xh×S1
and compare it with the formula for the invariant obtained in [17]. By glueing and using
the basic formula of the torsion of a solid torus, one finds first of all [26], [31]
τ (en)(Xh × S1) = |2 sin(πe/k)|2h−2 (55)
The one loop approximation to the path integral, which we expect to be exact here, involves
an integral over the moduli space of flat connections. We assume that this can be simply
computed by integrating (55) over e, the ratio of determinants in (6) becoming a measure
on the moduli space [23]. One finds then
∫
τ (en) = 22h−2
2h−2∑
n=0
(
n
2h− 2
)∫ 2pi
0
eix(h−1−n)
dx
2π
= 22h−2
(
h− 1
2h− 2
)
(56)
This binomial coefficient is easily interpreted in terms of conformal blocks. It is precisely
the invariant obtained in [17], up to some statistics factor. This additional factor arose in
[17] due to the splitting in the quantization of the WZW model |en >→ |en/1 >, |en/2 >.
It is a puzzling problem about the WZW CS correspondence to interpret such splitting
from the three dimensional point of view.
We finally would like to comment about U(1, 1) versus GL(1, 1). In many respects,
these two groups differ as their respective bosonic parts U(1) × U(1) and R × R do.
Their representations are similar; in the former case the numbers e, n are quantized, while
they take continuous values in the latter. Both groups have a trivial Π3 so the level k
is not quantized in the Wess Zumino theories. Although the bosonic part of U(1, 1) is
compact, in both cases the corresponding part in the Wess Zumino action has indefinite
metric with signature (1,−1). Both theories lead to a spectrum unbounded from below.
Most computations in [16], in particular the computation of four point functions, apply
to both cases. S and T matrices have similar properties, although for GL(1, 1) one has
to integrate over e, n in surgery computations (the treatment of indecomposable and one
dimensional representations is then quite subtle). Strictly speaking, the end of section
5 and section 7 in [16] apply to U(1, 1) only (this is unfortunately not indicated in the
published version). Considering now Chern Simons theories, both groups lead to the same
invariant, the Alexander polynomial, for links in S3. Their difference appears when dealing
with invariants of links in more complicated manifolds. For empty manifolds in particular,
there is (order(H1))
2
flat connections for U(1, 1), but only the trivial one for GL(1, 1). Up
to the respective volumes of the groups, invariants are equal to order(H1) in the former
case, to 1 in the latter.
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